10.A nondimensional natural coordinates in the one-dimensional elements
EAREA - FadsE #uA (EEFEA)
HEH 249 & &olaA x1¥
MNAE oldllslr] i, FAHEE AMgstd 223 FAo] §ol.

(10.7)  Ulz) ={¢(x)}" {a} = u€) = {2} {a}
(j—1)h < 2 < jh -1 <e<1

shape functions

linear element (one—degree element)
h 1 2

xl 1'2 _1 ‘_)g

Ly, = %(1+§)

&~
S
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o=
—~
—
|
’ax3
N—

quadratic element (two-degree element)

1 2 3
=
x, Ty T -1 0
L = - 560-9) L, = (1+ 9(1-¢) L, = SE1+9)
cubic element (three-degree element)
1 2 3 4
=
T Ty T x, -1 -4 4 1
L9 e Ly L _ 2 e L
L= =g €D+ E-3) Ly = g€+ DE-DE-3)
- 27 _ 1 -9 Ly 1
Ly = 16 E+DE-1De+ 3) L, 6 e+ 1D+ 3)(5 3)

10.15) = (6] = [ "BAG) (L @) (£ @) do

(10.18) — [m] = /IQm(x){L(x)}{L(x)}de

T
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derivative of shape functions in terms of the natural coordinates

dL; 3 dL; dé G=1 2 )
de | dE dx T et
r : number of nodes =
L= L) . dL,
z =Y,L,(6) z; = z(¢)
i=1
dL,  dL;, 4z dL;
d¢  dx dE de

in the matrix form

rx1 rXx1 1X1
tie = {ae) %] -
S i G el ) ekl =
dz de | | de
J :‘d—x g = detls] d
x T 3 e 3
[k]=.EA/WTi£}{i£}ii
2 \dx dx v
~ V(AL [da ] [de 7N (dz T
- maf (S]] ) {4
ex. linear element
S dL, _
L, = 5(1 19 = ic
1 dL,
L, = 5(1*’ 3, = ae
d dL
=L x + L,z = d—3§=d—gw1
Zo

k] g2 )

- zaf %)
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ie) = it ]

sy’
dg

de _,
dx
in a linear element

in a quadratic element

in a cubic element

dx
dg

i)

in one-dimension

= [J]

dx

dg

dg

dx

ac | ©




10.B Two-Dimensional Finite Elements

(reference: A 5 FA, 3o A HARE

, &"8AE 1993.)

interpolation polynomials (interpolation functions, shape functions)

15358 S0 andAe PRASHSY AFomA BAHoR BHAGE
7 dukAl FH
PRgre G QU ded W, 25T LT Fe) i
fxel HA AfEe} Lojof wr
= 44 ¢ x 449 Afr= (DOF)
szt o A= (ex.
22+ ¥ 9] A= (
32k We A= (
3k dike-F A (
linear elements
ME Q4 = 128 2% (one—degree element) (24, y3)
: T (simple) 8.4 y
=0+t oy
(29, y5)
(z, 9,
cf. B & (complex)L.4 x
o=t ayrt oy (@5 93)
(z4,y4)
+ a4172 + ayzy + a6y2 (5, y5)
(x4, 91) (xfjvyﬁ) (@2 9,)
3 (multiplex) 8.4 (AP 8402 1H5) (20 42)
p=a; t agxr t gyt ooy (4, 94) o
one-DOF linear elements (zyyyy) (2, 95)
1A Gis ¢
(i) one-dimensional element
St A dH1,2)5 = 244 A 84 (Ho] h)
41 #x 0, h
AR d9HTF G ¢y, ¢,
dx) = o + ayz
¢(0) = a; = ¢ ¢(h) =a; + ayh =¢y, = a,= ¢2h¢1
p(x) = ¢ + %x = (1_%) Gyt % o
¢ =L ¢ + Ly py = [L] {¢}e

{pte = {¢y )"

(2] = [L, L,] = [(1—%)

: shape functions




(i) two—-dimensional element (triangular element)
Ao A AH1, 2, 3)& zte 38H A4d 84
;fﬂi;g 5’]['3?5'- (2171, yl), (Igy yg), (Ig, y3)

AN FAAT G b1, b, ¢y

gb(x,y) ot ozt oy

¢($1791) Sap t ayr toagy =P 1 Ty Y1
¢<$2vi‘/2) Sap toaymy toagy, = d D=1 Ty Yo
¢($3793) =a; v ayry toazy; = ¢ 1 T3 Y3
o) Zy Y1
1 1
Qp = D o Ty Yo | = 5[(5”22/3_5”31112)‘?1"' (x3y1_xly3)¢2+ (5”13/2_552111)?253]
1
b3 T3 Y3 ) (a; ¢y + ay ¢y + az ¢y)
1 1 Y1
1 1
) 1 ¢y Yo | = 5[(92_%)% + (y3=y oy + (Y=Y
1
1 ¢ Y3 = D (by ¢y + by ¢y + by ¢3)
1 Ty (o
_ 1 1
4~ p 1 Lo ¢y | = 5[(373_%)(251 + (@ =23)¢y + (2y-71)6]
1
1 Z3 o =D ey ¢y + ¢y 9y + 3 ¢3)

1 1 1
¢ = 5(‘11 ¢ tay, ¢y tag ¢3) +E(bl ¢y tby ¢y Ty ¢3) T +E(Cl O Ty by Ty ¢3) Y

1 1 1
= B(Ch tbxtocy) ¢ +5(‘12 t byt oy y) ¢ +B(a3 tobyr tocyy) ¢
= L, ¢t L, ¢yt Ly (o
L:;(Ipyl) =
L3(127y2) =
L3($3793) =
1
2
F) oL, 0L, 0L4 1
9z oz ¢+ o% ¢yt Py ¢3 = 5(171 ¢ +by Gy +by ¢3)
3o oL, oL, oL, 1
By = oy o+ oy Gy * oy ¢35 = 5(01 b1ty dy Ty ¢3)
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(iii) three—dimensional element ( skip )

multi-DOF  two-dimensional linear elements
(1) two-DOF element
22T 9T w, v

u = Liuy + Lyuy + Lyug =Liug + 0vy + Lyuy + 0wy + Lyus + 0 vy

v = Liv, + Lyvy + Lyv, =0 wu + Livy + 0uy + Lyvy + 0 ug + Lyo,

Uy

{u}= [L10L20L30 Uy
v 0 Ly 0 Ly 0 Lg| |9

(ii) three-DOF element

3ATE GEHT w, v, w

u = Liuy t Lyuy + Lyug

v = Livy + Lyvy + Lgu,

v = Liwy t Lywy + Lywy
Uy
U1
W

u L1OOL200L300 Usg
{}— 0L100L200L30 Vo

v

w 0 0L 0 0Ly, 0 0Ls| |w
Us
U3
wy

= x4
freta el ok AL 7F AGaol Fstr] flsiA =
AV A, AR, 71ekE A WA S TS oF skt

4G (HFEA)
wae] A% - 22 AN 47 9
deAwsel A% - v ERALe] AW (n-1Al EFST F8, A%olojok ¢



higher—degree elements

PFFF A5} FobAu

el WS oA e ok ARAIZE
8

2o A FEdt ojguE X5 Altehs A

web EAS) HA% BA wet AAs Aesor du
2o B FIA woe] aTg.

tetragonal element (two-dimensional element)

(i) linear element (one-degree element)

=01t Tt azyt oazy

Y
¢(—a,—b)=a1—aa2—ba3+aba4 = ¢ A
4 a a 3
é(a, —b) =a T aay, —bag —abay; = ¢ b
é(a,b) =a;taay, +t bay + abay = ¢ >
¢(—a,b) =a;, —aa,+ bay —aba, = ¢ 1 2b
=

¢(x,y) = 041(¢1,¢2,¢3,¢4) + a2(¢1,¢2,¢3,¢4) x + a3(¢1,¢2,¢3,¢4) y + a4((/51,¢2,¢3,¢4) ry
= Li(zy) ¢ + Lylz,y) ¢y + Ly(z,y) o3 + Lyz,y) ¢,

Liwy) = 1 la=)b—y) Lylay) = foplata)b—y)
L) = foplata)bty) Lay) = fopla—a)b+y)
Ly + Ly + Ly + L =
in terms of the natural coordinates
. y (-1,1) (1,1)
§= =y n t,
L& ) = L = a8)b — bn) ¢
1 1 (-1,-1) (1,-1)
= T0-00-n, L= T0+90-y),
L w = T0+00+n), LG w = T1-00+y)

arbitrary tetragonal element
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(ii) quadratic element (two-degree element)
¢(3773/)=041+ a, &+ aznt oo &

tay &t gt o €t oag &

= L1(§a77) ¢t L2(§v77) ¢y t+ L3(§a77) o

+ L&n) ¢+ Ly(En) 65 + Le(&n) o 2 3

+ L7(€’77) o7+ L8(§’77) oN

L&) == U=OU—ne+n+1),
L& m =1 1+O0-n)E—n-1),
L& n) =51+ +n)e+n—1),
L&) == TU-OU+nE—n+1),

4

(iii) cubic element (three—degree element)
oz, y) =ay + ay E+ agn+ a, én + a; €
+046772+04753+048§277+0495772

3 3 3
T oagn toag &yt oanyén

= Li(&n) ¢ + Ly&n) ¢y + Ly(&n) ¢y
+ Ly(&n) oy + Ls(&n) o5 + Le(&m) ¢
+ L7(£’77) o7 * Lg(fan) ¢y T Lg(f, )
(&

+ LoEn) o+ Ln(6n) b+ Lule
L&) =55 (1=00 == 10+9(& +7),

Lien) =5p0-&1-n0+30), L&) =
Ly(en) = 392<1+§>< P=30),  Llen) =
Ly(&n) =55 1+ O1+n)=10+9( +77)],

Lien) =5 =@)1+n(1-30),  Lyn =
Ly(en) = (1=O0—)1+3n),  Ly(En) =

32
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Lign =50-&)1-n)
L&n) =5 0+0-7)
L& m) =50-)a+n)
Llen) =50-00 =)

) b
Ly(6n) =55 (1=€)1=n)(1-3¢)
<1+5)<1— )= 10+9(¢"+n")]
392<1+§><1— )1+ 31)
Ly(&n) =55 (1=)1+m)1+3¢)
35 (1= O+ )= 10+9(€ +7)

51— 00— =3p)



tm) = [ f mles) (2Gn) (L) dedy

k1= [ [ BAG) L @)L ) dedy

derivatives of shape functions in two-dimensional elements

dL; 3 oL, o€ oL, an
de ~ o¢ ox | on ox
dL; oL, oy oL; ay
A& ox o oy o

in the matrix form

e -
rXx2

> (s -
ox oy

oz oz

dr dy = det gg gz

g oy

r

z(&n) =X L(&n)

i=1

r .

dx — ey
J = — = xl‘
H ¢ = 98

dy 0L,
gy = ooy
T T

oL
ox

)

|

d¢ dy =

number of nodes

o [ )

T

y(&n) =Y L&)y

i=1

in a linear element

dL;  9L; p¢ aL; an
dy — o9& oy = on oy
dL;  0L; ag oL; ay
dn oz on oy on
oz ox oz ox
%H ¢ o o¢ om | _
oy 9y 9y 9y 9y
ag on ag oan
rX2 2X2 in two—dimension
oz ox ]!
%H o om |  _ H%}{%}]mﬂ
on Il | oy oy o¢ | Lon
I

In a quadratic element

in a cubic element

dz _XT] oL,
ar  _ z;
dn /= n
dy oL
dn /= on vi

oL
9

oL
on

i
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FEM (finite-element method)
approximate method to solve the differential equations
in boundary-value problems or initial-value problems.

eX.

CAE (Computer—-Aided Engineering)
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