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1.[8% ] Consider the torsional vibration of a uniform circular shaft fixed at one
end z=0 and free at the other end z=L.

(a) Derive the expressions for the natural modes and frequencies.

(b) Verify that the eigenfunctions obtained in (a) are orthogonal with respect to

the mass density.
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[1] free torsional vibration of a uniform circular shaft

8%0 (z,t)
at*

o0 (x,t)
ox

GJ =17 0<z<L

angular displacement 6(z,t) is separable in space and time
0(x,t) = O(z) - cos(wt — ¢)

—% Gj%f)] = w16 (x) 0<z<L
d’0(z) 2 _ 2 _ 2P
1a +50@x) =0 67 = w a

boundary conditions

6() =0, - =0

d:l? =1

solution
O(x) = A sinfz + B cosfzx
e0)=B=0 = O(z) = A sinfz, d%ix) = 3 A cosBzx
% 7L=ﬁAcosﬂL=O = cosBL =0
gr=@r-Dr gy
2
_ (2r—1)7m G . .
;= 5 . natural frequencies
2 oL
0, (x) = A, sin (2r_21)7r % : natural modes
()
L
/ p 0O, ()0, (r)dr (r + s)
0
_ L (r—1)rnzx (2s—1)7x
=pA A, Osm 57 n Y7 dx
=pA A L—cosr_ —cosr+8_1 )d
pA. A, 2 7 T 7 x| dx
_ PATAS{ L inr—s _ Lr inr-i—s—l L
2 lr—s L ™ T s ° r ",
=0

The eigenfunctions are orthogonal with respect to the mass density.



[2] (a) free-body diagram for a beam element of length dz
Q(x,t) : shearing force

force equation of motion (in the vertical direction)

2
Q(x,t) + de _ Q(aﬁ,t) = mdx%f’t)
ox ot
expand and cancel appropriate terms
2
Lo Q) _ 0 y(a;t) @
ox ot
moment equation of motion
M(z,t) + Mdm — M(z,t) + | Qz,t) + de dx
ox ox
cancel appropriate terms
L oMlt) Q) = 0 G
ox
substitute @ into @
82M(a:,t) _ 82y(x,t)
- 2 -m 2
ox ot
insert @O into @
4 2
_ g2 y(:i,t) ) y(og,t) 0<a <L
ox ot
substitute @ into @
oM (xz,t) 83y(1’,t)
= - = gl
Q(z,t) o o
z = 09l A] deflection y(0,t) = 0
2
bending moment E[%a;’t) =0
ox z=0
. 2%y (z,t)
x = LoA bending moment FE7—"—7-* =0
ox =1L
3
shearing force EIM =0
oz’ =1
(b) separation of variables
y(x,t) = Y(z) cos(wt — @)
differential eigenvalue problem
4
£re Y(f) = w'm Y(z) 0<a<L
dx
N d'v(z) —8'v(z) = 0 g = w?m
da* ET
2
Y(0) = 0 @ dL(f)
dx
2 3
Y Y
d (2:10) -0 " ® d (333)
dx i dx

M(z,t) @ bending moment = ET

=0

z=171

0%y(x,t)
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general solution
Y(z) = A sinfz + B cosBz + C sinhfz + D coshfz

dQY(I) _ 2 . .
e B° (=4 sinBx - B cosfz + C sinhfz + D coshfz)
@ — Y0) =B + D=0
2
® dL(f) =B +D=0 O
dx =0
D pg=0¢Y
Gy L =0 w, =0 Yy(z) = Ayz
() g #= 0 & o
@ - - B + D=0
= B =D =0, Y(z) = A sinfz + C sinhBx
2
d Y(,f) = 8% (-4 sinfz + C sinhfz)
dx
3
d Ygx) = % (-4 cosfBz + C coshpz)
dx
& Y(x) o, . . B
® — 5 = B* (-4 sinBL + C sinhBL) = 0
dCL' r=171
= -A sinBL + C sinhBL = 0
3
@ — d dYga:) = 3% (-4 cosBL + C coshBL) =0
€ =1

= -A cospBL + C coshBL =0 - @
for nontrivial solution of A and C

—sinBL sinhpgL

—cosfBL coshBL =0

-sinBL coshBL + cosBL sinhgL =0

= tanGL — tanhgL = 0 * characteristic equation

ETl

(© w, = (B.L)}
v (6, L) mL*
Y.(z) = A, [sinh(8.L) Sin(ﬁ,,L)% + sin(B,L) sinh(ﬂ,.L)%] r=1, 2
GoL =0 wy, =0 Yy(z) = Ayz
BL =393 w = 1544,/
m L

Yi(z) = 4, (25.4 sin3.937 - 0.707 sinh3.937)

ETI
mL*

8,L = 7.07  w, = 50.0

Yi(z) = A, (587 sin7.07F + 0.707 sinh7.07-7)



[3] (a) equation of free vibration of a uniform rod

2 2
EABu(:g,t) ZmBU(f’t) 0< s <L e D
ox ot
boundary conditions
0 t
u(0,t) =0, _ g 2ulet) =0
ox =1L
initial conditions
initial displacement function u(z,0) = uy(x)
.. . . 0 ,t
initial velocity function % = v, ()
t=0

the motion of free vibration caused by initial excitations

w(z,t) = u, (z,t)

”

NgE

1

linear combination of natural motions w, (z,t)

natural motions
u, (x,t) = U, (x)n,(t)

x t 2 @
U.(z) : normal modes , n,(t) : modal coordinates

insert @ into @

EAid U, (x) n(t) = miwx)dns(t)

s=1 s=1 B dtz

= g dUs(w} & d*n, (t)
- Szlg[EA dz t

orthonormality relations

/LEA(:JS) dU,(x) dUs(x)

- 2
dx dx dv = w0

i{/ ot [EA U:c(x)]dx}”‘*(t) ) i[/ijr(x)Us(x)dx 20, (¢

orthonormality | !
© dU,(z) o d*n, (t)
Z{[U,. (2)BA— —w! 5}n (t) =30, ;7;2
s r=1 s=1

dx
o o d2 g(t)

= Z - wsz 557“ s (t) 67‘8 L 2

s=1 s=1 dt

d*n, (t)
dt?

—w!n,(t)



d*n, (t)
% + w?n ) =0

= )+ wlin®) =0, r=1,2 -
independent set of modal equations

(n,(t) : modal coordinates, w, : natural frequencies of the rth mode)

(b) solution

n,(t) = n,(0) cosw,t + sinw, t
initial modal displacements 7, (0)
@ & ulz,0) = yylz) — u(z,0) = Y, U, (x)n,(0) = uy(z) @
s=1
L
/ mU, (z) - @ dx
0
o L I
- xS mU,.(ac)US(z)dx} n©) = [ im0 @) ds
s=1 0 0
orthonormality |
o I
de n,(0) = m U, (z)u, (x)dz
s=1 0
L
= n,(0) = / m U, (x)uy(x)dr r=1 2,
0

initial modal velocity ,(0)

© I ) I
= Z / m(z) U,(x)Us(a?)dx 775(0) m(x)Ur(a:)vo(x)das
s=1 0 0
orthonormality |
i 6rs 778(0) = /Lm(x)U,(x)vO(x)dx



2
O w(r,0,t) W<r<p

[4] (@) -D V'w(r,6,t) = p o
clamped boundary
2 3
612” =0 and agu =0 along r = a
or r=a or r=a
2
w =0 and 8121} =0 along r =0b
or r=a
separation of variables w(r,0,t) = W(r,0) Ft) = W(r,0) cos(wt — ¢)
2
W 0) - B Wir,0) =0 gl= “r w=p@ 2
D p
a*w W
>~ =0 and 3=O along r = a
or or
2
w=0 and 8?/=O along r = b
or
) (v -5 wire) =0 - (V2+ B2 - 8% Wiro) =0
Il
(V2 + 6% W(r,0) =0 - @ - W, (r,0)
(V2 = B Wir,0) = W(r,0) W= W, + W, = W, + W,

(v? - Y Wy(r,0) =0 - @

@O — same as the equation for a membrane
Wy (r,0) = (Cy,, sinmb + Cy,, cosm@) [C;,, J,, (Br) + C,,, Y., (8r)]

= Ay, J,(Br)sinmb + A,, J,(Br)cosmb
+ A,, Y, (Br) sinmf + A,,, Y, (Br) cosmb

8% W, (r,0) oW, (r,0) 8% W, (r,0)
D Lo et B W (n0) = O
T

@ or? r ar 96>
W,(r,0) = R(r) ©(0)
”  d*R(r) LT dR(r) L1 d*e(9) g2 = 0

R(r)  gr? R(r) dr o) a?

-m
d’e ) 2 _ d°R(r)  1dR(r) o, m’
T Tme) =0 2 Ty g W+ )R
Qm (6) = Clm Sinm9 + CQm cosmb Rm (y) = OSm [m (ﬁT) + 04m [(m (ﬁ?‘)
m=0,1,2

W,(r,0) = (C,,, sinmb + C,,, cosmf) [C;,, I, (Br) + C,,, K, (3r)]
= By, L, (3r) sinm@ + B,,, I,(Br) cosmf
+ By, K, (Br) sinm@ + B,, K,, (8r) cosmf
general solution
W, (r,0) = Wy(r,0) + W,y(r,0)
= [Ay, J,(Br) + Ay, Y, (Br) + By, 1,(8r) + By, K, (Br)] sinmf

+ [AQm Jm (67”‘) + A4m Ym (ﬂ?”’) + B2m ];n (5T) + B4m Km (ﬂ?“)] cosm@



