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1.8 1]
(1) (exact solution method),
(2) (approximate solution method),
3 (finite—element method)
(a) .
(b) lumped-parameter method
(©) series discretization method
(d)
2-5. L (rod) x=0 =L ,
m(z) axial rigidity EA(z)
1, 1{z)\ 1, 1z 2]
2.[6 ] Holzer's method , 4 station
m, My m3 my A\
\
EAf] BA, [| B4, || B4, HEA4§
\
Az ] A i i A ﬁ§
"o by Az T 9
| 2 l } | i §
T To T3 Ly
(a) station transfer matrix
(b) field transfer matrix
(c) overall transfer matrix ( ).
3.[4 ] Rayleigh's energy method , 1 [Ux) =
. w(L—x) . .
sm72L ] trial function
4.[6 ] Rayleigh-Ritz method , 2 series mass
matrix  stiffness matrix algebraic eigenvalue problem
. 1 2 comparison function
(a) mass matrix mass coefficient
(b) stiffness matrix stiffness coefficient
( )-



516 1 (rod) FEM
sectionally-constant elements
(a) element mass matrix
(b) element  stiffness matrix :
(c) assembly global mass matrix stiffness matrix

(

)
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(b)

©

(d)
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lumping method : segment segment  mass
stiffness , mass matrix  stiffness influence matrix
algebraic eigenvalue problem

influence coefficients method : segment , segment
mass mass matrix , flexibility influence
coefficient matrix stiffness influence matrix

algebraic eigenvalue problem
Holzer's method : shaft torsional vibration, rod axial vibration, string

transverse vibration , station
mass field stiffness transfer matrix ,
frequency equation natural frequency modal vector
Myklestad's method : beam bending vibration ,
station mass field stiffness transfer matrix
, frequency equation natural frequency

modal vector
Rayleigh's quotient : maximum potential energy reference kinetic energy trial
function 1
Rayleigh-Ritz method : trial function ,

Rayleigh quotient 0 mass matrix stiffness
matrix , eigenvalue problem
assumed mode method : Rayleigh-Ritz method external force
modal analysis response

Galerkin's method : eigenvalue problem trial function
(residual) trial function (weighted function)
0 algebraic
eigenvalue problem
collocation method : eigenvalue problem trial function
algebraic eigenvalue problem

a complex structure (system)
1 discretization
finite elements

il variational approach — Rayleigh-Ritz method
equations of motion for individual elements element matrix K;, M;
1 assembly
equations of motion for the system global matrix K, M
il solution

motion at the nodes
1 interpolation
motion inside the elements



_ 1 1z _ 1 1z 2} _ L
[2]m(x)—m[5+5(f)], EA(:E)—EA[2+2(L) , n=4, Aa:—4
1 3 7
x1:§L,x2:§L,x3:—L,x4:§L
(a) inertia coefficients m; = m(z;) Az
B 1 1(1V| Lz _ 65m L _ 65 _
m; = m(x,)Ar = m _5+ 5(§) |77 18 1 ° 512 mL = 0.1270 m L
B 1 o1(3V¥lz _ m3m L _ 73 _
my = m(zy) Az = m B + 2(8)7 1 - 18 1 - 512 mL = 0.1426 m L
_ 1 1(s\V¥l L _ 89m L _ 89 _
my = m(xy) Az = m B + 2(8)7 1" 18 1 - 312 mL = 0.1738 mL
_ 1 17Vl _ 113m L 113 _
m4—m(x4)Ax—m_2+2(8)_ 1 ° 18 14 512 mZL = 0.2207 m L
station transfer matrix
_ 1 0 .
(75, = | = 2, 1 (i =1, 2 3, 4)
(b) stiffness coefficients
_ AV (1, 1({1\?] _ 17 _
EA, = EAw, + =) = BA 5t 2(4)7 = 5y 4 = 05313 £A4
EAy = BAle, + 2% = pa 7l+l(3)27 = 20 54 = 06250 EA4
2 202 12 2\4)] 32 o
EAy = BAGe, + 2% = pa _i+l(§)2_ = 2 p4 =07813 EA
3 3 2 12 " 2\4) ]~ 32 -
B Az (1, 1(15 2]_353 _
EA, = EAe,+ =) = BA 5t 2(16) = 5sg £A4 = 1.3789 B4
. .. Ax
flexibility influence coefficients a; =
EA,
_ L 32 _ 8 L _ L
W= TEA - a7 ma - 0400 g
L 32 8 L _ L
“ =Y 2084 - 20 Ba - 04990 5y
L 32 8 L _ L
% =7 25E4 - 25 ma - 03290 oy
_ L 256 _ 32 L _ L
%% 35354 - 353 BA - 00907 Ty
field transfer matrix
1 q .
T = ! =123 4
[ F]l- 0 1 (i )
(c) transfer matrix
_ (1 1 o _ |1—w'm;a; a
T I P S I B

overall transfer matrix
[ T]

(71, [Tl [T, [T],
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trial function U(z) = sinZ

2L
Y dU($)}2 1 [t [1 1(.@)2}( T )2 ym(L—1)
Vinax = Q/OEA(x){ I de = 5 0EA 2+2 17 57 o8 5T
1 7FEA [f]1 1(:5)2} 1 L—zx)
= 5 4L2 . 5‘1‘5 f 5[1+COS 7 }d.’l}
1 T EA [T x)2 m(L—x)
=3 2 . [1+ A [1+ oS 7 dx
1 T FA L[ x)Q m(L—zx) x)Q m(L—zx)
T . 1+ 17 + cos 7 + 7 ) cos 7 dx
_ 1 T EA L 33)3 ( L). m(L—zx)
= 39 I [er 3|7 + - sin 7
A —ﬁ) L) _(_ﬁ) 2z £) w(L—x)|"
7 /s 7 N\ = cos 17 )
L) 2 (f£)1 r(L—x)]"
2]\ 72 —|sin 7 0
1 7EA L ( ) ( 2) 2L 2L
= 32 g2 {L+3 0 + 7T(o 0)+ W2+ 30}
1 7EA(4 2\ _ w2 1\EA _ EA
=357 (3+w2)_16(3+7r2 7 _0'4737—L
I 12 [1 1(x)? m(L—z)
Ty = & m(z) [U(x)]?de = + m[+() sin’ dx
r—a2J, 2J, 2" 2\L 2L
1 Il 13;)21[ 7 ( —x)]
= om . 2+2 7 5 1— cos 7 dx
_ 1 L (m 2 m(L—zx) (a:)2 m(L—x)
= 8m . [1+ 7 cos 7 7| cos 7 dx
_ 1 +£(£3_ L) n(L—2)
= 8m x 3\ 7 p sin 7
AL _L) L m(L—x) (_g) 22 5) r(z—z) "
7 /s 7 N\ = cos 17 )
_ (_ L_)(L)(_ g) (L= 2) }
2 L2 L 0
_ 1 L (L) (2 o—o)—[2L)|_ (2L
= gm[ze 52 R o-o- (3] [
1 4 2 1/ 2 1
= gmL(g— ?) = Z(g—?)m[/ = 0.1413 m L
EFA
i~ RO Vs 0.4737—L s BA
! s 0.1413 m L L2
w; = 1.831 £4



[41  ¢(2) = sinﬂ(gzx) by (x) = sm?’ﬂ(ngx)
d¢1($) - m(L—z) d¢2( ) —3r o 3n(L—2x)
dz oL 7 21 dz 2L 2L
I
(a) mass coefficients my; = / m(z) ¢;(x) ¢;(x) dx
0
L z \? m(L—zx)
dr = —+ =+ ? d
fm ol 03] T /Om> (L) sin Y x
Lo 1({x)? (L—2x) 3r(L—2)
= dr = —+t =l d
My /m ol o} T /Om>2 2([/) sin————sin 57 x
Moy =
L [1 1(x 1 L u37(L—a)
= dr = —+t =l d
22 /m (@) ¢ \z) dr /Om 2" 2 L) Sy
. - ) do;(x)
(b) stiffness coefficients / EA(z I I dx
d¢1 d¢1 T \? 7(L—zx)
/ EA(x e / EA[ ( ) } ( ﬁ) cos? 5T dx
d
e = [t S0 izﬁ e
_ ™ m(L—zx) 3T 3n(L—1zx)
= / FA [— (_ﬁ cos— ( ﬁ)cos 57 dx
ko =

/EA ) 0] [ L] 82 Bl
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(b)

©

B L, _ 1, 1({1\*] _ 37
ml"m(ﬁ)"m[2+2 6” 72"
B 3L 1, 1(3V] _ 45
my = m(=~) m[2+2(6)]_72m
_ 5L, _ 1 1(5\} _ 61
m3—m(6)—m[2+2(6)}—72m
_mjh[zl]_ L[N]
M= ==11 2] =™1R|1 2
= 37 L [21] _ 37 (2 1]
LT ™ s 2] T 1206 M1 2]
=B L[21] _ 45 (2 1]
27 7™ 98 (1 2] T 1296 11 2]
_ 61 Lj[21] _ 61 (2 1]
My = —om 3511 2] = Ta96 ™ L1 2
element stiffness matrix
3 L, _ 1 112 37
EAI—EA(F)—EA[2+2(6)] 3 pa
_ 3L, _ 1, 1(3\] _ 45
EAQ—EA(T)—EA[2+2(6”—72EA
_ 5L, _ 1, 1(5 _ 61
EAS_EA(G)_EA[2+2(6H_72EA
EFA;11 -1 3[1 —1
_ J _ o
= [—1 1}‘E‘41L[71 1]
_ 3[1 —1] _ 37 3[1 —1] _ 3T EA[1 —1]
Kl'EAlL—l 1,'72EA Ll-1 1]~ 24 L |—-1 1]
_ 3[1 —1] _ 45 3[1 —1] _ 45 EA[1 —1]
KZ"EAQL,—l 1]~ 72EA Ll—-1 1]~ 24 L |-1 1]
_ 3[1 —1] _ 61 3[1 —1] _ 6L EA[1 —1]
KS‘EA?*L—l 1]~ 72EA Ll-1 1]~ 24 L |—1
global mass matrix
1 2(37) 37 0 lm 37 0
M= ——mL| 37 2(37+45) 45 = —— (37 164 45
1296 0 45 2(45+61) 1296 1o 45 212
global stiffness matrix
37 —37 0 37 =37 0
K:i% —37 37+45 —45 :% —37 82 —45}
0 —45 45+61 0 —45 106

|




