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1.[8%] w¥3 H(beam)® 3 Z%5(bending vibration)S W3k W (transverse
displacement) y(z,t)2 &I} o] Y= ZAol7} Lo]ar AA| Aol MolH, +
3] ZFA(flexural rigidity)o] E7o)al, &)#1e #835}x =t} =091 A Ao A&
L x=L21 A HA 1A (clamp)¥H o] A+= 2] ZH (cantilever)o]t}.
(a) Newton9] &% A2WF] <A3}e] differential equation of motione +=3}iL,
BAZEAS AABHA S
(b) L—rf\ﬂ(separatlon of variation)'< 483} 5A"A 2 (characteristic equa-

tion)S T-HA]

2. 1851 w43 =i (rod)¢] ?‘C’ F Ardes adde o] Y= dolrk Lojal, &

Aol Aol molH, E7A (axial rigidity)o] EAolth. o] = £=02 XA
A o] Qar, =L X Ho FFTAH Mol & ). WM4E T (separation of
variable)¥ eigenvalue problem< th&3} 7t}
2
~pal U(f) - Pm@) ), v0) =0, padlle) = W M U(L)
dLL' dLL' x=1L
o

(a) natural mode?] orthogonalityES YEIH = 21 FE3HA L.
(b) A7t3Hnormalization) ¥ eigenfunction U, (z)2] ¥33F+= TdF Tofe] W9
l

(displacement)= Ulx) = 2 ojtt, AF ¢, & HEUE XS FEAL
3. [84] 2% Alstring)? PBF AFAEL nA BT o AL o|7h Lo]x, )
dojd Aol pol, FEol Toltf. <F&F EolM 1A dot. F¢F W4
v ) Z EAE 2FWFA e gt
0%y(z,t) 82y T,t)
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ox ot

eigenvalue problem®] 3f(solution)?! eigenfunction ¥, =% &% natural motion

)= YV (e)n, (0)

r=1
oA n,(t)E modal coordinate©]t}.
(@ A mode? natural frequencyZ w,olg}t & o, g (t)2 FHFE modal
equation 7, (t) + w’n,(t) = 0 = FE3A L.
(b) initial displacement yo(a:)Q} initial velocity vo(sc)% et , initial modal

displacement 7,(0)$} initial modal velocity 77,(0)%: FEshA L.
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(6] <43 ALz} plate’} 0<z<a, 0<y<b®l
flexural rigidity= Do]al

FdHoll Fof 9
, ga’cg o
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¥ 9] (transverse displacement) w(z,y,t) =M differential equation
of motion¥} boundary conditiong X #3}IA] Q..
(b) W2 (separation of variables)E &3t &3t 3 (x,y)wHe]
W(z,y) =4 differential equation of motion¥ boundary condition
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[1] @91del’ A=k = M/L

(a) free-body diagram for a beam element of length dz
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Q(z,t) : shearing force M(z,t) : bending moment = proYet)

force equation of motion (in the vertical direction)

0Q(x,t) _ _ M, 9'y(z,t)
Qz,t) + Tdaz Qz,t) = I dx e

expand and cancel appropriate terms

2
L 0Qt) _ M 9%y(x.t) . ®
o L ot*

moment equation of motion

M(x,t)—i—%dx ~ MGet) + [ Q) + 22

aQ(x,t)

dr|dr = 0

cancel appropriate terms

= M + Q(l‘,t) =0 TG

ox

substitute @ into @
_ BQM(x,t) _ M BQy(x,t)

az* L
insert @ into @
a'y(at) _ M 9°y(x,t)
L
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1 0Kz < L
ox

substitute @ into @

_ oM(x,t) -
Qz,t) = o EI o

2%y(z.t)
3
0%y (x,t)

8x2

(z,t)
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Lol A deflection y(Z,t) = 0
oy (z,t)
ox

0ol A bending moment F7
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(b) separation of variables
y(x,t) = Y(z) cos(wt — o)
differential eigenvalue problem

d'Y(z) s M

ET 7ot = w LY(x) 0Kz < L
d'y() , WM
= o B Y(x) =0 5 ZIL
2 3
d Y(Qx) _ 0 d Y(;:) -0
dx =0 dx =0
Y(L) = 0 d¥(z) =0
dl? r=1L

general solution

Y(z) = A sinfx + B cosfBxr + C sinhfz + D coshBz

Av(z) . .
I B° (A sinBx - B cosfz + C sinhBzx + D coshpz)
x
2
dY(;”) = -B+ D=0 = D=1
dx =0
d3Y(Z‘) _ 3 . .
e 8° (A cospzx + B sinfz + C coshfz + B sinhfz)
3
”?;” B l-A+ Cl=0 = C=A
dx z=0

Y(z) = A (sinBxz + sinhBz) + B (cosfz + coshBz)

(L) =0
= A (sinBL + sinhBL) + B (cosBL + coshpL) =0 @
%ﬂ(gx) = 3 [A (cosBx + coshpz) + B (-sinfzx + coshfz)]
dY(z) _
d.I‘ r=1 - O
= B [A (cosBL + coshBL) + B (-sinfL + sinhpL)] =0 - ®

for nontrivial solution of A and B

(sinBL+sinhBL)  (cosBL+ coshBL)
(cosBL+coshBL) (—sinBL+ sinhBL)

-sin8L + sinh?BL - cos’BL - 2 cosBL coshSL - cosh’SL =0

= cosBL coshBL = -1 . characteristic equation



[2] (a) natural frequencies w, , w,

natural modes U.(x), U,(x)
equations
4’ U, (z)
—EA——5— = w; m(z) U, (z) 0<z <L
dx
d*U,(z)
_EAT =w§m(x)US(x) 0< < L
X

rHA A mode

d2Ur(x)
u)m/U dz——EA/U 72dx
dx
dU, L LdU. dU,
= —FEAU,(z) (@) +EAf (@) T(x)dx
dx 0 dx dx
LdU,( )dU,,( )
= —wMU(L) U (L) +EAf Y
dzx
LdU,(x) dU,(z)
= EA/ 2) I [ / U,( x)dr + MU, (L) U,(L)
s¥ A mode
z L U, (x)
wfm/ U,,(x)Us(x)dx = —EA/ (],(916)723j
0
du,( rdu,( ( )
- BAU.(2) A/ d

£dU,( )dUs()
—w?MU. (L) U(L) +EA/ d; dx

= EA/LdUr(x) d(g; = [me x)dx + MU, (L) U, (L)
(0! — 2 /m ()da:+MU(L)U(L)}=O
rF s, w T ow, m/U x)de + MU, (L) U,(L) =0
0

The eigenfunctions U, (z) and U,(z) are orthogonal w.r.t. the mass density m

and the lumped mass M at z = L.

AfL dUS(I) dUr(z)
o dx dx

The derivatives of the eigenfunctions are orthogonal w.r.t. the axial stiffness

EA(x).

= dl::O T:":Sywr#:ws




(b) normalization
for r =35 r=1,2 -

/m d$+M[U()]2:1

/ OLEA (z)

orthonormality relations

au,

U } da —w[/om Wde + MU, (L)?| = w?

/m x)dx + MU, (L) U(L) = 6,,

/Om(x)Ur(ac)Us(x)dx = 6. - MU (L) U.(L)

L dU.(x) dU,(x
f EA(z) c;( ) A )d:r = Wi,
0

T dx

expansion theorem

Ule) = f]chs(x)

f m(z) U.(z) - (equation) dx

/ m(z) U () Ulz) de = folm(m) Ur(x)[ics Us(x)}dx

Zl fm U, ( dw—Ec ~ MU, (L) U,(L)]

=c - MU7,(L)§]CSUS(L) =c¢ - MU(L) UL)
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3] (a) i[Tay(x’t)} =, oulet) 0<a<L e @
ox ox ot
boundary conditions
y(0,¢) =0, y(L,t) =0
initial conditions
initial displacement function y(z,0) = y,(z)
.. . . 0 ,t
initial velocity function % = v, (x)
t=0

the motion of free vibration caused by initial excitations

t) = Yy (o)
r=1
linear combination of natural motions y, (x,t)

natural motions
y, (x,t) = Y, (z)n, ()

D= DY@ - @

insert @ into @

= dY,(z) o0 d*n, (t)
% — da: m(t)} - r ;1 Y*(x) th
& dY,(z) o0 d*n, (t)
- de{ dzx } ns(t) - Sglp Ys(m) th SUNE)
L
[ v - ®
0
i /Ly( )d TdYs(x) ®) i[ L ¥ ()7 (o) . (¢)
s=11Y 0 e dx Tt A ]'0 )L WAL P
orthonormality | l
w N 2
Li-eda ) n@ - TR
_ 2 _ dzm(t)
W, 77,«(75) = 1 —dt2
= 9.0 + wlin @) =0, r=1,2 -

independent set of modal equations

(n, (t) : modal coordinates, w, * natural frequencies of the rth mode)



(b)

initial modal displacements 7, (0)

D & yle0) = we)  — ) = R Y.E)n0) = n)

/(fpum(w @ do

o L
= B rner@dn© = [ o1, @
s=1 0 0
orthonormality |
o I
s=1 0
L
S (0) = / oV (2)yy(2)dz | r=1, 2,
0

initial modal velocity 7, (0)

@ & 5yg?t) - = vo( ) — y(m,O) = i Y(x)n (0) = Uo(aj)
LPY,(OU) - ® dx
0
- 3| fmeree)no - e
orthonormality |
i [5rs] n (0) = L,O YT(.’E)’UO(.I‘)d$



BZw(r,t)

[4] (@) -D Viw(r,t) = »p 5
ot

simply—supported boundaries

62w

w =0 and > =0
oy
free boundaries
2
9 1: =0 and
ox

(b) separation of variables
wlz,y,t) = Wlz,y) F(t)

iAWz, y) - B Wlz,y) =0
2
W=0 and 9 Ij/ =
ox
2
oW 0 and

along z = 0, a
3
o w
> =0 along y = 0, b
ox

W(z,y) cos(wt — ¢)

2
4 _ wp
p D
0 along z = 0, a
3
8?/=O along y = 0, b
oy



